We study spectral properties of the operator which corresponds to the M/G/1 retrial queueing model with server breakdowns and obtain that all points on the imaginary axis except zero belong to the resolvent set of the operator and 0 is not an eigenvalue of the operator. Our results show that the time-dependent solution of the model is probably strongly asymptotically stable.
Introduction
There has been considerable interest in retrial queueing systems, see Atencia system with server failure by using Laplace transform and obtained the expression of the probability-generating function. In other words, they studied the existence of the time-dependent solution of the model. Gupur 5, 6, 13, 14 , Gupur et al. 15 , and Kasim and Gupur 7 did dynamic analysis for several queueing models including retrial queueing models by using functional analysis and obtained the existence and uniqueness of the timedependent solution of several queueing models and asymptotic behavior of their timedependent solutions. In this paper, by using the idea in Gupur 6 and Gupur et al. 15 , we study the asymptotic behavior of the time-dependent solution of the M/G/1 retrial queueing system with server breakdowns in which the failure states of the server are absorbing states. This queueing system was studied by Wang et al. 10 in 2001 . By using 3 Here x, t ∈ 0, ∞ × 0, ∞ ; p I,i,0 t i ≥ 0 represents the probability that the server is idle and there are i customers in the retrial group at time t; p w,i,1 x, t represents the joint probability that at time t there are i customers in the retrial group and the server is up and customer is being served with elapsed service time x; λ is the arrival rate of customers; α is the server failing rate; θ is the successive interretrial times of customers; μ x is the service completion rate at time x satisfying
In this paper, we use the notations in Gupur 6 :
Take a state space as follows:
It is obvious that X is a Banach space and also a Banach lattice. In the following we define operators and their domains: 
where u − λ α μ x .
Then the above system of 1.1 can be expressed as an abstract Cauchy problem:
1.7
Gupur 6 have obtained the following results. 
Asymptotic Behavior of the Time-Dependent Solution of the System 1.7
In this section, firstly we determine the expression of A U E * , the adjoint operator of
A U E, next we study the resolvent set of A U E * , through which we deduce the resolvent set of A U E on the imaginary axis. Thirdly, we prove that 0 is not an eigenvalue of A U E. Thus, we state our main results in this paper.
It is easy to see that X * , the dual space of X, is as follows see Gupur 6 :
It is not difficult to verify that X * is a Banach space.
Lemma 2.1. A U E * , the adjoint operator of A U E, is as follows:
where 
2.3
Here, η in D L is a nonzero constant which is irrelevant to i.
Proof. By using integration by parts and the boundary conditions on p I , p w ∈ D A , we have, for any q * 
2.4
From the definition of the adjoint operator and 2.4 we know that the assertion of this lemma is true. 
Lemma 2.2. Assume that there exist two positive constant μ, μ such that
0 < μ inf x∈ 0,∞ μ x ≤ μ sup x∈ 0,∞ μ x < ∞. 2.5 If μ < α μ, then ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ γ ∈ C sup ⎧ ⎨ ⎩ λ γ λ , sup≤ μ Re γ λ α μ q * I,i,0 λ Re γ λ α μ y * w,i 1,1 L ∞ 0,∞ , i ≥ 0.
Equation 2.12 gives
q * I,0,0 ≤ λ γ λ y * w,0,1 0 ≤ λ γ λ y * w,0,1 L ∞ 0,∞ .
2.19
From 2.13 we estimate
2.20
By inserting 2.19 and 2.20 into 2.18 , we have
2.21
By combining 2.19 and 2.20 with 2.21 , we derive 
2.22
This shows that I − γI − L − G −1 H −1 exists and is bounded when γ belongs to the set
2.23
Through discussing the solution of the equation γI − L − G q * I , q * w y * I , y * w for any given y * I , y * w ∈ X * , it is not difficult to verify γI − L − G −1 exists and is bounded when γ satisfies 2.23 . Therefore, by the resolvent equation
2.24
we know that γI − L − G − H −1 exists and is bounded when γ belongs to the set 2.23 , which means that 2.23 belongs to ρ L G H . In particular, if γ ia, a ∈ R \ {0}, i 2 −1, then all γ's belong to 2.23 . In fact, by using the condition on this lemma, we have
2.25
The above inequalities show that all points on the imaginary axis except zero belong to the resolvent set of A U E * . From the relation between the spectrum of A U E and spectrum of A U E * we know that all points on the imaginary axis except zero belong to the resolvent set of A U E. 
